Background and Purpose: Especially after corneal surgery the lateral magnification of the eye providing the retinal image size of an object is a crucial factor influencing visual acuity and binocularity. The purpose of this study is to describe a paraxial computing scheme calculating lateral magnification changes (ratio of the image sizes before and after surgery) due to variation in corneal shape and spectacle refraction.
Introduction
In an ophthalmological examination the visual function is normally evaluated as an isolated parameter beside other clinical parameters such as keratometry or refraction at spectacle or corneal plane. But especially after corneal refractive surgery, corneal grafting or cataract surgery, the lateral magnification of the eye providing the retinal image size of an object is a crucial collateral factor influencing the potential visual acuity of an individual.
In case, when corneal shape is changed inducing a change in the refractive state and the refractive conditions of the posterior segment of the eye (lens, vitreous) remain unchanged, the exit pupil of the eye is not affected. In such situations, the change in lateral magnification of the entire 'optical system eye' can be determined in a simple calculation scheme considering the change in corneal architecture and (spectacle) refraction. That magnification change has to be taken into account in evaluating changes in visual outcome and to differentiate between an intrinsic and an extrinsic part.
In the last decades, raytracing strategies for evaluation of the optical properties of optical systems became more and more popular. A matrix based description of spherical optical systems in ophthalmologic applications has first been investigated by (Rosenblum & Christensen, 1974; Long, 1979) and later used by many other investigators. This formalism breaks down any spherical optical system into a product of 2 · 2 refraction and translation matrices and the resulting system matrix relates the slope and height of an incident ray to the respective slope and height of the exiting ray. Then, Keating (Harris, 1999 (Harris, , 2000 Keating, 1980 Keating, , 1981a Keating, , 1981b was the first to introduce a generalization of these 2 · 2 matrices to astigmatic systems described by 4 · 4 system matrices. In accordance with the spherical case, this generalized formulation of astigmatic optical systems breaks down into 4 · 4 refraction and translation matrices and the system matrix relates the impinging ray with slopes in x-and y-direction and intersection co-ordinates x and y at the first refractive surface to the respective slopes in x-and y-direction and the co-ordinates x and y of the exiting ray at the last refractive surface of the optical system . Without restriction to coaxiality, a spherical system may be described using 3 · 3 system matrices (Gerrard & Burch, 1975) and astigmatic optical systems containing decentred optical surfaces are consequently represented by 5 · 5 system matrices (Harris, 1994) . In the present study, we restrict to a coaxial optical setup containing spherical and astigmatic surfaces.
The purpose of this paper was to describe a straight-forward mathematical matrix-based strategy for calculating lateral magnification changes (ratio of the image sizes before and after surgery) due to variation in corneal shape and spectacle refraction under the constriction, that other biometrical parameters of the eye remain unchanged. The applicability of this calculation scheme will be demonstrated in two working examples.
Refraction and translation matrices and the system matrix
In spherical optical systems, the refraction matrices R and translation matrices T can be written in the form
where P refers to the dioptric power of a refractive surface, d is the interspace between surfaces and n is the refractive index of the medium (Rosenblum & Christensen, 1974; Langenbucher, Huber, Nguyen, Seitz, & Kü chle, 2003; Long, 1979 ). An optical system consisting of m refractive surfaces (1 to m from left to right) with dioptric powers P 1 to P m , and interspaces d 1,2 to d mÀ1,m (refractive indices n 1,2 to n mÀ1,m ) the system matrix S reads
and any incident ray from the left (surface 1) with a slope angle a 0 and a height y 0 will exit the system at surface m with a slope angle a and a height y so that
In any astigmatic system, the respective refraction matrix R reads 
Elements X, Y and Z of the refraction matrix are given with
where the parameters SPH, CYL and u refer to the spherical power, cylindrical power each in diopters and the orientation of the cylinder (in degrees) and d/n refers to the reduced optical distance in the translation matrix T as defined in the spherical case. Analogue to the 2 · 2 spherical case Eq. (2), the system matrix of an optical system consisting of m spherocylindrical surfaces can be written as
and any incident ray from the left (surface 1) with slope angles a 0x and a 0y in x and y direction and intersection coordinates x 0 and y 0 with surface 1 will exit the system at surface m with slope angles a x and a y at coordinates x and y so that
a 0y
The 2 · 2 sub-matrices A, B, C and D refer to A: magnification, B: divergence or negative of the power matrix, C: disjugacy, and D: dilation. The reverse calculation of the elements SPH, CYL and u from the sub-matrix A can easily be performed with the trace and the determinant if A is a symmetric matrix.
1.2. Definition of the 'optical system eye' before and after surgical intervention with matrices
The optical system of a eye containing spherocylindrical surfaces is characterized in the simplest form with a spherocylindrical spectacle correction, a single surface cornea, and a crystalline lens (MacKenzie & Harris, 2002) . Thus, before surgical intervention the matrix representation of the entire system starting from the spectacle plane and ending at the retina is represented with a system matrix S with
where T V refers to the vitreous space, R Lback and R Lfront refer to the refraction matrices of the back and front surface of the crystalline lens, T L to the central thickness of the lens, T ACDpr refers to the phakic anterior chamber of the eye, R Cpr to the corneal surface, T Spr to the vertex distance from the cornea to the spectacle plane and R Spr to the intended target refraction before cataract surgery at spectacle plane. The matrices T ACDpr R Cpr , T Spr and R Spr are known from ultrasound or optical biometry, keratometry and refractometry and are potentially subject to change during intervention, whereas the other matrices can be assumed to be stable. The respective optical system after the surgical intervention reads
For simplicity of the formalism, we define for the preoperative and postoperative state a subsystem S PUPpr and S PUPpo which includes the part of the optical system from the spectacle correction to the aperture stop
Determination of the relative lateral magnification
In case the spectacle correction fully compensates the spherocylindrical refraction error at spectacle plane, matrix C equals zero and the lateral magnification of the eye is characterized by the retinal image size divided by the angle of the incident ray. The respective magnification matrix is given by the lower right 2 · 2 matrix D of the system matrix S. As the respective matrices for the crystalline lens cannot be derived with common measurement techniques (in vivo phakometry), the absolute magnification of the eye cannot be extracted.
Instead, as the reference ray traced through the eye has to pass through the centre of the pupil and all dimensions and curvature data in the anterior segment of the eye from the spectacle to the plane of the aperture stop (S PUPpr and S PUPpo ) are known, the change in magnification due to the change of corneal shape or refraction can be derived in case the exit pupil does not change.
An arbitrary ray entering the optical system at the spectacle is passing through the pupil centre if x and y equal zero:
where a or y 0 refer to the 2 · 1 vector with the components a x and a y or the coordinates x and y. Eq. (12) can be written as
Together with Eq. (13), the slope angle a at the aperture stop is related to the slope angle a 0 of a ray entering the optical system by
As the exit pupil is determined by the optical pathway between the aperture stop and the retina and is assumed to be unchanged due to the surgical intervention, the lateral magnification change (ratio of the image sizes before and after surgery) due to the intervention M rel is calculated from the angle magnifications M PUPpr and M PUPpo preoperatively and postoperatively by
As we postulate, that the ray is passing through the centre of the aperture stop, the system is not necessarily fully corrected in refraction. If the system is not fully corrected by the spectacle lens, Eq. (15) gives the change in magnification of the blurred images due to the surgical intervention. The cardinal meridians of magnification are extracted from the 2 · 2 matrix M relPUP by deriving the eigenvectors and the eigenvalues (Arfken, 1985) . Thus, the eigenvalues are directly related to the change in magnification and the respective eigenvectors provide information about the orientation of the cardinal meridians:
where H is the 2 · 2 matrix containing the eigenvectors and I refers to the diagonal matrix containing the eigenvalues. From H we extract the orientation of the meridians u 1 and u 2 in the classical form to
In the special case if the axes of the spectacle cylinder and the corneal astigmatism are aligned (or orthogonal), the cardinal meridians u 1 and u 2 are orthogonal, but in general H is not a symmetric matrix and both meridians are not orthogonal.
Working examples

Example 1
For the first example we assume a vertex distance of 14 mm preoperatively and postoperatively and a measured anterior chamber depth of 3.6 mm (from corneal apex to the anterior apex of the lens, which is assumed to coincide with the aperture stop plane). The keratometry changed from 41. Multiplying the refraction and translation matrices together using Eq. (11), the system-matrix characterizing the sub-system from the spectacle to the aperture stop before and after surgical intervention read and re-converted to standard notation using Eq. (17), we get a magnification change of 0.9583 in an axis of 18.4°a nd 1.0263 in an axis of 108.6°. This means clinically, that in an orientation of 18.4°the image is minified by 4.17% and in an orientation of 108.6°the image is magnified by 2.63% due to surgical intervention.
Example 2
For the second example we assume a vertex distance of 14 mm preoperatively and postoperatively and a measured anterior chamber depth of 3.6 mm (from corneal apex to the anterior apex of the lens, which is assumed to coincide with the aperture stop plane). The keratometry changed from 39.0 D + 6.0 D/0°preoperatively to 47.0 D + 3.0 D/ 30°after the surgical intervention. Spectacle refraction changed from +3.5 D À 5.5 D/5°to À4.0 D À 3.5 D/25°. In this example, the orientation of the spectacle cylinder and the corneal astigmatism is not aligned before and after the intervention. For calculation of the absolute objectimage magnification, the axial length of the eye is 23.8 mm, the central thickness of the crystalline lens is 3.6 mm. The dioptric power of the front/back surface measured by phakometry is determined to be 8.26 D/14.0 D (radii of curvature: 10.0 and 6.0 mm). The refractive index of the aqueous humour/crystalline lens/vitreous is assumed to be 1.3374/1.4200/1.3360.
Using Eq. (4), the refraction matrices prior to and after surgical intervention read with a precision of four digits Multiplying the refraction and translation matrices together using Eq. (11), the system-matrix characterizing the sub-system from the spectacle to the aperture stop before and after surgical intervention read As the upper left 2 · 2 sub-matrix of the system matrix differs from the null matrix (Langenbucher, Reese, Huber, & Seitz, 2005) , the complete system is not fully corrected and the image at the retina is blurred. If we postulate, that phakometry and keratometry as well as the distances measured by biometry are measured correctly, the refraction matrix for a fully correcting spectacle reads after surgery. From these matrices, we derive a fully correcting spectacle refraction of +3.7909 D À 5.8450 D/0°b efore and À4.2335 D À 3.5229 D/30°after surgery. The absolute lateral magnification M relating the lateral size of an object on the retina to the slope of the incident ray in the case of a blurred image (Langenbucher et al., 2005; Harris, 2001a Harris, , 2001b ) yields 
M po ¼ 0:0154 0:0003 0:0003 0:0150
:
Calculating the relative change in magnification from the state before surgical intervention to the state after surgical intervention, we get ; which can be interpreted as a proof of concept for our mathematical strategy.
Discussion
A series of surgical interventions especially at the cornea change the corneal architecture significantly resulting in a shift of the sphere and/or of the astigmatism. Even if the net astigmatism is not changed, a rotation of the astigmatism axis refers to a change of the optical path. Many surgeons more or less ignore the effect of lateral magnification and focus on a full refractive correction of the eye. But an adequate correction of the eye i.e. using spherical or spherocylindrical glasses is not able to compensate for magnification disparities, because the corneal and the spectacle plane do not coincide. It is generally accepted, that minus lenses for correction of myopia minify the retinal image, whereas plus lenses for correction of hyperopia magnify the retinal image. This effect may for example in cataract surgery with posterior chamber lens implantation influence the potential visual acuity significantly, when the lens power is calculated inappropriately. If the power of the intraocular lens is too low and the resulting hyperopia is corrected with plus glasses, the magnification is increased and we expect an artificially increased visual acuity. The opposite can be observed, when the lens power is too high and the resulting myopia is corrected with minus lenses. Fusion of disparate images can be achieved if the difference in magnification between the two eyes does not exceed 5% (Kramer, Lubkin, Pavlica, & Covin, 1999; Krzizok, Kaufmann, & Schwerdtfeger, 1996; Scarpatetti, 1983) . In the astigmatic eye the difference in magnification should not exceed 5% in any meridian to preserve a proper fusion of the retinal images. In other words the spherocylindrical telescope including the spectacle correction and the cornea must present to the retina an image of approximately the same size as the image in the fellow eye for all meridians.
Thus, especially surgeons who are working on the anterior segment of the eye should consider beside a proper correction of ametropia with spectacles the lateral magnification of the eye and the change of magnification to surgery. If only the corneal architecture of the eye is changed during the intervention and all other relevant parameters in the optical systems such as the lens, the anterior chamber depth and the axial length remain stable, the calculation of the change in magnification of the eye is not very complex. However, for determination of the total magnification lacks if there are no data of the anterior chamber depth, the vitreous length and the lens geometry.
In the present paper we derived a matrix based methodology for determination of the change in lateral magnification of the eye (ratio of the image sizes before and after surgery) due to a change in corneal shape corrected by a spectacle lens. This concept is a straight-forward strategy of tracing a pencil of rays through the optical system eye restricting to a coaxial optical system in the Gaussian paraxial space.
The system matrix of the eye breaks down into a product of 4 · 4 refraction matrices representing the refracting surfaces in the optical system and 4 · 4 translation matrices representing the interspaces between surfaces. For the formulation of the refraction matrices, we follow the notation introduced by Keating (Keating, 1981a (Keating, , 1981b and Harris (Harris, 1999 (Harris, , 2000 (Harris, , 2001a (Harris, , 2001b . The system matrix representing the entire optical system is therefore a product of the refraction and translation matrices. With the typical structure of the refraction and translation matrices as well as the system matrix, the 4 · 4 system matrix can be subdivided into 4 2 · 2 sub-matrices A, B, C and D. For example, a fully corrected system starting from the first refracting surface to the focal plane is characterized with the condition, that for a bundle of rays parallel to the optical axis entering the system from left is focussed to a single point irrespective the height of the ray at the first refracting surface. That means that the sub-matrix A equals the null matrix. The power of the matrix notation for characterizing the optical system eye or for determination of toric intraocular lenses could be demonstrated in a series of previous papers (Langenbucher, Reese, Sauer, & Seitz, 2004 , 2005 . The re-conversation of a sub-matrix to the standard notation can be realized by using the trace and the determinant of the matrix (Langenbucher et al., 2004) or by calculating the eigenvectors and the eigenvalues of the matrix. The first re-conversion technique is restricted to symmetric 2 · 2 matrices and fail, if the matrix is not symmetric.
In the present paper, the applicability of the mathematical formalism is demonstrated with two working examples in a step-by-step approach. In example 1, the cylinder axis of the spectacle correction matches the axis of the corneal astigmatism perfectly before and after the surgical intervention. We assume, that we do not have data about the axial length, the geometry of the crystalline lens (Preussner, Wahl, & Lahdo, 2002) . With the refraction data and the corneal shape before and after surgery together with the anterior chamber depth and the vertex distance we calculate the meridional magnification change of the eye due to surgery. Even if our concept is not restricted to a stable vertex distance or anterior chamber depth, these values are normally not changed significantly during surgery and we assumed that both values remain unchanged. We found, that the optical system changes the magnification in two orthogonal meridians: in the one cardinal meridian the image is magnified by 2.63%, whereas in the other cardinal meridian the image is minified by 4.17%. In example 2, we assumed a more pronounced change of the corneal shape due to the surgical intervention. The axes of the corneal astigmatism and refractive cylinder were not properly aligned before and after surgery (5°difference) and thus we did not get orthogonal meridians for the change of ocular magnification. We found, that in an orientation of 170.1°the image is minified by 10.7% and in an orientation of 78.7°the image is minified by 6.1%. For completeness, we included all relevant data for determining the total magnification of the eye: axial length, curvature of the front and back surface of the crystalline lens as well as the central thickness of the lens. Applying the same strategy as in example 1 we derived the magnification change by comparing the slope angle of a ray entering the system and the respective slope angle passing through the centre of the pupil. In a second step, we determined the system matrix of the entire optical system and extracted the blurred image magnification matrices before and after the surgical intervention. Comparing both matrices, we could verify the results of our concept.
In conclusion, we presented a mathematical straight-forward matrix-based strategy for calculation of the meridional magnification changes due to a change of corneal shape and spectacle correction during a surgical intervention. This methodology can be applied for estimating the image size disparities of different meridians of one eye or between both eyes of an individual and may be of clinical relevance for the assessment of aniseikonia after corneal surgery in case of significant change of corneal shape, especially in high corneal astigmatism.
